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We consider noncommutative gauge theory defined by means of Seiberg- 
Witten maps for an arbitrary semisimple gauge group. We compute the 
one-loop UV divergent matter contributions to the gauge field effective ac- 
tion to all orders in the noncommutative parameters 6 . We do this for 
Dirac fermions and complex scalars carrying arbitrary representations of 
the gauge group. We use path-integral methods in the framework of dimen- 
sional regular isat ion and consider arbitrary invertible Seiberg-Witten maps 
that are linear in the matter fields. Surprisingly, it turns out that the UV 
divergent parts of the matter contributions are proportional to the noncom- 
mutative Yang-Mills action where traces are taken over the representation 
of the matter fields; this result supports the need to include such traces 
in the classical action of the gauge sector of the noncommutative theory. 
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The issue of renormalisability of noncommutative gauge theories in the enveloping-algebra 
approach has been a subject of intense research in the last years [1, 2, 3, 4, 5, 6, 7, 8, 9]. The 
outcome of this research so far shows that NC Yang Mills is one-loop renormalisable up to 
first order in 9 [5, 9] — in fact, up to order two for the case of NC U(l) Yang-Mills [3] — but 
renormalisability is spoiled by the presence of Dirac fermions in the fundamental repesentation 
or complex scalars in the U(l) case [2, 3, 4, 8]. However, in all cases the gauge sector of the 
theory remains renormalisable despite the presence of matter; this has also been checked for a 
noncommutative extension of the Standard Model [6] in which the traces in the gauge sector are 
taken over all the different particle representations. This renormalisability of the gauge sector 
is quite intriguing and far from trivial since BRS invariance and power-counting do not account 
for it. Indeed, take a simple compact gauge group, then, power-counting and BRS invariance 
do not restrict the one-loop UV divergent part of the effective action of the gauge field in the 
background-field gauge to the noncommutative Yang-Mills action, but to a linear combination 
with arbitrary UV divergent coefficients of the noncommutative Yang-Mills action and terms 
like 9 afS Tr J d*x F a/3 * F^ * , # a/3 Tr / d*x F^ a * Fp v * F^ , etc ... The confirmation of the 
renormalisablity we have mentioned at higher orders in 9 and its understanding -perhaps, as 
a by-product of an as yet undiscovered symmetry of the theory-, as well as the study of its 
dependence on the choice of traces for the noncommutative Yang-Mills action, are still open 
problems. 

As a first step in this direction, in this paper, we compute to all orders in 9 the UV part of 
the one-loop effective action obtained by integrating out the matter fields in noncommutative 
gauge theory for arbitrary semisimple gauge group. By "matter" we mean Dirac fermions and 
complex scalars in an arbitrary unitary irreducible representation of the gauge group. What 
we have obtained is that, in both cases and in dimensional regularisation with D = 4 + 2e , 
the pole part of the effective action of the gauge field turns out to be proportional to the 
noncommutative Yang-Mills action with traces taken over the representation of the gauge 
group acting on the matter fields, namely: 

^15X = isk Tr /d*r F, v * F^, 

r sc [^]° P oieX. = i«k ^ S<& F ^ * F ^ F v» = d » A » - d » A » - M*- 

This result supports the need to consider such types of traces for models aiming to have the 
renormalisability property; in fact, all models considered so far with a one-loop, order- 9 renor- 
malisable gauge sector have these types of traces. A relevant example is the noncommutative 
version of the Standard Model in ref. [6], whose gauge sector involves a non-trivial sum of 
traces over all the particle representations of the model. Our result holds for the class of 
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Seiberg-Witten applications for which the map between the noncommutative and ordinary 
matter fields is linear and invertible; the computation to all orders in 6 is feasible due to 
the possibility of changing variables in the functional integrals from the ordinary fields to the 
noncommutative fields. The result we have obtained is quite surprising since BRS invariance 
and power-counting of the theory formulated in terms of the ordinary fields do not enforce 
it, and, it is relevant in the phenomeno logical applications of noncommutative gauge theories, 
since it supports the robustness of the predictions based on the gauge sector of the theory. 
These phenomenological predictions can certainly be tested at the LHC [10, 11, 12, 13]. 

Using a similar notation as that employed in ref. [14], we consider a noncommutative gauge 
theory with a semisimple gauge group of the form G± x • • • x Gn with Gi simple for i — 1 . . . s 
and abelian for i = s + 1, . . . , N . Then the ordinary gauge field will be of the form 

s N 
k=l l=s+l 

where the T's are generators of unitary irreducible representations of the group factors. The 
matter fields to consider are Dirac fermions ip and complex scalars <fi in an irreducible rep- 
resentation of G and therefore carrying multi-indices I — i\ . . .i s for the irreducible factors. 
In multi-index notation we can define generators and a "global" trace Tr as follows 

(T k )h = Snn---(T% jk ...5 i3ja: fc = l,...,a, 
T\j = 5i lh ---5i sjs Y\ l = s + \,...,N, 
Tr{T k ) a {T k ') a ' = {T k ) a IJ {T k ') a J I . 

In order to build noncommutative actions for the matter fields we need the Seiberg-Witten 
maps for the noncommutative gauge field and the matter fields, i.e., noncommutative 
fermions ^/ a i and complex scalars . We make no assumption on the map for the gauge 
field, but for the matter fields we consider maps of the form 

V a i = (Su5 a p + M[a„, d, r, 0] a piMpj, = (Su + N[a„, d; #]/j)0j, (2) 

and analogously for the Dirac adjoint fermion ^ = Vfrty) an( j ^he complex conjugate $* of 
$ . 7 M denotes the gamma matrices satisfying {7^,7^} = 1rf v . 

With this notation we define next the actions for the matter fields in noncommutative 
spacetime 

S*= jd^x^* i^D^ - * S sc = J cfa ((D^)* * D»<S> - m 2 $*$) - V($), 
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where * denotes the usual Moyal product and V(3>) is an arbitrary noncommutative gauge- 
invariant potential that will not contribute to the -dependent part of the gauge effective 
action. Our objective is to compute the divergent part of the one-loop effective actions for the 
gauge field that are formally defined by 

Tfl sc [a;6] = -i\nZf/ sc [a;6], 

Zf[a; 6} = J\f f /[#][#] exp^S'), Z sc [a; 6} = N sc /[#*][#] exp{iS sc ), (4) 
N f/sc = Zf/ sc [V;6}- 1 . 

The previous expressions relate the gauge effective actions to the determinants of the operators 
appearing in the actions for the matter fields. We will make sense out of these formal definitions 
by using dimensional regularisation in D = 4 + 2e dimensions; this will make the divergent 
contributions appear as poles in e . Note that, in order to work out the UV divergence of T^ sc 
to all orders in 6 by integrating out the matter fields in the functional integrals in eq. (4), 
one would need to know the Seiberg-Witten map to all these orders. We can avoid this by 
performing a change of variables in the functional integrals from the ordinary fields to the 
noncommutative ones. Recalling eq. (2), 

= det(I + M)det(E + M)[d^][d% 
[d(f)*}[d(f)} = det(I + iV)- 1 det(E + N*)- 1 ^*]^]. 

The above determinants are defined in dimensional regularisation by a diagrammatic expansion 
where the propagators are equal to the identity. As a consequence they are given in momentum 
space by tadpole-like integrals, which are zero. Therefore, 

Z f [a; 0}=N f J [d*][dtf] exp(iS f ), Z sc [a; 9] = N sc J exp(^ sc ) (5) 

and, since the matter actions given in eq. (3) depend on the noncommutative gauge field , 
we have that the dependence of the effective actions Y on a M is through a dependence on A^ : 

T^ sc [a;9] = T f/sc [A; 0}. 

In particular, when the eqs. (4) and (5) defining Y^ sc are interpreted diagramatically, it is 
clear that the potential V(§) makes no contribution to the A^ -dependent part of the gauge 
effective actions. Thus, eqs. (4) and (5) allow us to obtain the A^ -dependent parts of the 
effective actions T^ sc as the determinants of the operators that appear in the actions for the 
matter in terms of the noncommutative fields. Integrating over [d^>\, [d^\ and [d<&*], [d<&] 
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neglecting V(<&) we obtain: 

L ' J n=l 

n=l 

(6) 



In the previous expressions Tr denotes a trace over discrete indices and integration over the 
continuous indices of the corresponding operators. The operators ((jl+im)' 1 and (id 2 +im 2 Y l 
have matrix elements given by ordinary propagators: 

M^ + zmj \x) J (27r)D p 2 _ m 2 + i0 + ' ^ ' ^ 7 (27r)^V_ m 2 + i0+ - 

(7) 

Since we are interested in the divergent part of T^ sc , we need to identify the contributions in 
eq. (6) that yield the poles at D = 4 . This can be done by using power-counting arguments 
as follows. Let us first note that the propagators in eq. (7) are diagonal in the colour indices, 
then, one realises that the trace in eq. (6) forces a trace in the colour indices of the background 
gauge fields A^j . Therefore we can write 

tT^ sc [A] A _ dcp . = J] / d d X! ... d^TrLVOrO . . . A, n (x n )}T^ sc ^ ^"[ Xl , . . .,x n ], (8) 

71=1 •* J 

where the mass dimension of r^ //sc ^ /11 "' /ln [xj] is, for D — 4, 4+3n. In momentum space 
p//«c(n)/ii.../i„^j w jjj f cljxxiension 4 — n and, due to the translation invariance of the 

propagators in eq. (7), it is given by a single loop integral. Then, power-counting tell us that 
r f/sc(n) with n > 5 

are finite. Thus we only need to work out contributions with up to 4 
background gauge fields A^ . Let us start with the case of fermions. Going over to momentum 
space and starting from eq. (6), we can express r^ n )L4] in terms of a loop integral as follows 

i=l ^ ' i 



J (2n) D [(g + Pl ) - m 2 ][q 2 - m 2 ][(q - p 2 ) 2 - m 2 } ■ ■ ■ [(q - P*) 2 ~ m2 \ 

p o q ee 7;6 a Pp a qp . In the case of scalars, from the formula in eq. (6) it is clear that the 
expansion in n does not correspond to an expansion in the number of background fields due 
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to the presence of interaction vertices with one and two A'^s . Instead of a closed formula 
for T (n) as the one just given for fermions in eq. (9), we provide formulae for the potentially 
divergent contributions Y sc ^ k \ 1 < k < 4 . 

/ n ,£) 
II J^5^ D6 ( Y.^-^ (n) ^[Pl, ■ ■ -,Pn], 



fWf [0] = 



J (2vr) J 
d D q 2q^ 



(2n) D q 2 -m 2 ' 

d D q e ~ plop2 r]^ 1 f d D q e~ pl ° P2 (2q + Pi y (2q + Pl ) u 



r ^[Pi,p 2 ] = -Jj^D q 2_ m 2 + 2j'(27r) D [{q + Pl ) 2 - m 2 } 2 

d D q e - E »<^ 0f V(2g - pi)^ 



f (3W [pi,P2,P3] 



f (4) ^[pi,P2,P3,P4] 



(2tt)^ [g 2 -m 2 ][(g- Pl ) 2 - m 2 ] 

dPq e~^<i p ' op i (2q + Pl Y(2q - p 2 y(2q - p 2 + Pl ) p 
(2^ [g 2 -m 2 ][(g-j9 2 ) 2 -m 2 ][(g + j9 1 ) 2 -m 2 ] 5 
1 /" d D g e ~T i i < jPi Pj r j^ r jP'r 



(10) 



2 J (2^)-° [g 2 — m 2 ] [(5 — p 3 — p 4 ) 2 — m 2 ] 
d D g e-HiKjPim^^q - p 3 )P(2q - 2p 3 - p 4 ) 
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(27r) D [g 2 — m 2 ] [(5 — p 3 ) 2 — m 2 ] [(9 — p 3 — p 4 ) 2 — m 
1 / A e- E ^ K0 ^(2g + Pl )^(2g-p 2 )"(2g- 2p 2 - p 3 y {2q - p 2 - p 3 + Pl f 
4 y (27r) D [g 2 — m 2 ] [(g — p 2 ) 2 — ^ 2 ] [(<? - £>2 _ P3) 2 — ^ 2 ] [(<? + Pi) 2 — ^ 2 ] 

Note that the phases in the expressions in eqs. (9) and (10) are independent of the loop 
momentum; this makes it possible to obtain the corresponding UV divergent contribution at 
all orders in 9. The final expressions can be obtained from T^ sc ^[xi] for 1 < n < 4 by 
using eqs. (10), (9) and (8) and have been given in eq. (1) already. The results in eq. (1) hold 
independently of the form of scalar potential V(<&) . In particular, they remain valid in the 
case of spontaneous symmetry breaking. The previous expressions are proportional to possible 
terms in the gauge sector piece of the noncommutative Yang-Mills lagrangian involving the 
traces TV over the matter representations, and the UV divergencies can be substracted by the 
ordinary renormalisation of the couplings corresponding to such terms. 

Finally, we believe that the results presented in this paper will also hold for noncommutative 
gauge theories with chiral fermions, if they are anomaly free. Unfortunately, even in the 
ordinary case -see ref. [15]- a rigorous derivation of the results analogous to those presented 
in this paper, will demand that one carries out far more involved computations and also a 
separate paper. 
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